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Abstract: A number of problems in mathematics and physics, including the 
integration of Toda's equation, one of the basic equations of solid state mechanics, are 
brought to the study of inverse problems for the discrete Hill equation. Today, the 
relevance of this topic is growing due to the fact that this research has found important 
applications in quantum physics, the theory of linear and nonlinear specific product 
equations, crystallography, geological exploration. Such practical connections indicate 
the need to study discrete equations other than the discrete Hill equation, such as the 
inverse problems for the quadratic handle of discrete Sturm-Liouville operators. 




Spectral theory is one of the main branches of modern functional analysis that has 
many uses in mathematics and applied science[1]. Lately there has been great interest 
in the spectral analysis of Sturm-Liouville [2] boundary value problems with boundary 
conditions depending on the eigenparameters. In addition, many researchers have 
investigated some boundary value problems [3] that may have discontinuities in the 
solution or its derivative at an internal point. Such conditions, which include the left 
and right boundaries [4] of solutions and their derivatives, are often referred to as 
"transfer conditions" or "interface conditions". These problems often arise with a 
variety of physical transmission problems. 
Spectral analysis of non-self adjoint (dissipative) operators is based on the ideas 
of the functional model and dilation theory and not on the method [5] of contour 
integration of resolving studied by Naimark, but this method is ineffective in the study 
of spectral analysis. limit problem [6]. The functional model technique is part of the 
basic theorem of Nagy-Foyas. In the 1960s, Lax and Phillips independently of Nagy-
Foyas developed an abstract scattering program that is very important in scattering 
theory. Pavlov's functional model was extended to dissipative operators, which are 
finite-dimensional extensions of a symmetric operator, and the corresponding 
dissipative and Lax-Phillips scattering matrices were examined in detail[7]. This theory 
is based on the concept of incoming and outgoing subspaces to obtain information 
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about the analytical properties of the scattering matrix using the properties of the 
original unitary group[8]. By combining the results of Nagy-Foyas and Lax-Phillips, 
the characteristic function is expressed in the form of the scatter matrix and the 
dissipative expansion operator is established. With the help of different spectral 
representations of the strain, this operator can be written very easily and functional 
models can be obtained. The eigenvalues, eigenvectors and the spectral projection of 
the model operator are obviously expressed by the characteristic function. The problem 
of the completeness of the eigenvector system is solved by writing the characteristic 
function in the form of a factorization[9]. 
The purpose of this article is to investigate non-self adjoint Sturm-Liouville 
operators with transfer conditions. For this purpose, we have built a functional model 
of the dissipative operator using [10] the input and output spectral representations and 
determined its characteristic function, since we can use it to determine the scatter 
matrix of the dilation according to the Lax and Phillips scheme. Finally, we have 
proven a theorem on the completeness of the system of eigenvectors and associated 
vectors of dissipative operators based on Pavlov's method. 
Main Part: 
The equation given in this article proves the analogy of Borg's inverse theorem. 
The following equation 
( )21 12 ,n n n n ny p q y y n + −= − − −   (1) 
is considered. Here the coefficients 
n np va q are a sequence of real numbers with 
periods N  , i.e. ,n N n n N np p q q+ += = , ,n np q R .  










1 0 , (2) 








2 0  (4). 
Proof. Equation (1) is written as follows: 
( ) 02 112 =−−−− +− nnnnn yyyqp . 
This equation is multiplied by 
ny : 
02 11
2222 =−−−− +− nnnnnnnnn yyyyyqypy  . 
The sum is obtained from the resulting equation and some calculations are 
performed: 
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n n n n n n n n n
n n n n n
y p y q y y y y y  − +
= = = = =
− − − − =     , 
1
2 2 2 2
1 1
1 1 0 1 1
2 0
N N N N N
n n n n n n n n n
n n n n n
y p y y y q y y y 
−
+ +
= = = = =
− − − − =     , 
1
2 2 2 2
1
1 1 1 0
2
N N N N
n n n n n n n
n n n n
y p y q y y y 
−
+
= = = =
− − − −     




N N n n n
n
y y y y y y y+ + + + +
=
 




2 2 2 2 2
1 1 2 1 2 1 2 1
1 1 1 0 1 1
2 0
N N N N N N
n n n n n n n N N n n n
n n n n n n
y p y q y y y y y y y y y y 
−
+ + + + + +
= = = = = =
− − − − + + − =      , 





n n n n n
n n n
y p y q y y y 
= = =
− − − −    
1 1
2




n n n N n n n
n n n
y y y y y y y y y
− +
+ + + + +
= = =
− − + + − =   , 
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N N N N
n n n n n n n n N
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y p y q y y y y y y y y y y y 
−
+ + +
= = = =
− − − − − − + +     
1
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   
=
   
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     
 
+ −   − −   −= =  (5) 
Lemma 2. Let ( ) 20 =   be for 0 = . In this case, this equation  
( ) ( ) ( )( ) ( ) ( ) ( ) ( )
2
2 2 2 0 0





n N n N N n n N n
N
s c c s c s c s
s
 
        

+ +
 = − − −   
is valid for the eigenfunction ( )0 nn = . 
Proof. According to, ( ) ( ) ( )0 1 0 2 0n n nc c c s   = + 0n =  and 1n =  have the 
following:  
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( ) ( ) ( )0 0 1 0 0 2 0 0 1c c c s c   = + =  
( ) ( ) ( )1 0 1 1 0 2 1 0 2c c c s c   = + =  
So,  
( ) ( ) ( )0 0 0 1 0n n nc s     = +  
( ) ( ) ( ) ( ) ( )2 2 2 2 20 0 0 0 1 0 0 1 02 .n n n n nc c c s         = + +  
Considering this  
( ) ( )000  N=  
( ) ( )0101  += N  
relationship, the following is formed: 















1 2N Nc s ++ =  
( )1 0 1 1 1 0 1 1 2N N N N Nc s c c    + + + += + = + −  

















 += −  
2 2 2 21 1
1 0 0 0 0 0
1 2 2 2
2 2 N N N N N N N
N N N N
c c c s c s c
s s s s
     + +
− − + − −
 =  = = =  
( ) ( )
2
2 2 2 0
0 1 1n N n N N n n N n
N
s c c s c s c s
s

  + + = − − −   
Lemma 3. Let ( ) 20 −=   be for 0 = . In this case, for equation ( )0 nn = , 
this equation  
( )
2
2 2 2 0
1 1n N n N N n n N n
N
s c c s c s c s
s

 + + = − − −   (6) 
is valid. 
Proof. ( )0 0 1( ) ( )n n nc s     = +  according to (5). It is divided into: 
( )2 2 2 2 20 0 0 1 12n n n n nc c s s     = + +  (7) 
( ) ( )0 0 0N   = −  
( ) ( )1 0 1 0N   += −  
( )0 0 1N N Nc s   = +  
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= −  
1 2N Nc s ++ = −  
( ) ( )1 0 0 1 1 1 0 1 1 2N N N N Nc s c c     + + + += + = + − −  





















2 2 N N N N N N
N N N
c c s c s c
s s s
  + +
+ + − −
= − = =  (9) 
Substituting (8) and (9) into (7) gives a lemma proof.  
Lemma 4. a) The number   is necessary and sufficient for  
1 10, 1, 1, 0N N N Ns s c c+ += = = =  
to be the multiple root of equation ( ) 2=  . 
b) The number   is necessary and sufficient for  
1 10, 1, 1, 0N N N Ns s c c+ += = − = − =  
to be the multiple root of equation ( ) 2−=  . 
Proof (Sufficiency). Let the number 0  satisfy the equation  
0 1 0 0 1 0( ) 0, ( ) 1, ( ) 1, ( ) 0N N N Ns s c c   + += = = = . 
 In that case ( )0 1 1 1 2N Nc s + = + = + = . 
( )







N n N N n n N n n
n
d









 = − − − − =   
means that 0 =  is a multiple root. 
(Necessity). Let 0 = be the double root of equation ( ) 2=  . 
If ( )0 0Ns   , then according to lemma 2, if we multiply both sides of this 
equation  
( ) ( )
2
2 2 2 0
0 1 1n N n N N n n N n
N
s c c s c s c s
s

  + + = − − −   

























=    − =  
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2 0 , if ( )0 0Ns  = , 
then ( )1 0 0Nc +   is derived from ( ) ( )1 1 1N N N Nc s c s + +− = . 
Lemmani proved point a). Lemmani's point b) is proved to be similar. 
Conclusion 
This paper examines the correct spectral problems for the quadratic handle of 
discrete Sturm-Liuville operators. In particular, the basic properties of the solutions of 
the quadratic handle of the discrete Sturm-Liouville equation are studied, the periodic 
solutions of the quadratic handle of the discrete Sturm-Liouville equation are studied 
and their properties are studied, Floke's theorem is proved. Furthermore, an analog of 
Borg's inverse theorem for the quadratic handle of discrete Sturm-Liuville operators 
has been proved. 
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